Abstract. Two identical electric point charges that move away from each other are considered.
Introduction
Numerous 'relativistic paradoxes' have accompanied the theory of relativity ever since its inception at the turn of the century. Naturally, in true science paradoxes cannot occur, and therefore relativistic paradoxes, like all scientific paradoxes, are only paradoxes until they are resolved. Resolving a relativistic paradox, i.e. finding and eliminating errors in the reasoning or in calculations leading to the paradox, is usually a very interesting and rewarding exercise. The 'paradox' and its resolution presented in this paper is an example of such an exercise.
The paradox
Two identical charges † q 1 and q 2 are observed in a reference frame which moves with constant velocity v = vi with respect to a stationary reference frame (laboratory), as shown in figure 1(a). Let us assume that the only forces acting on the two charges are the forces of electric repulsion exerted by the charges upon each other. If the masses of the two charges are sufficiently large, which we assume to be the case, the accelerations of the two charges are negligible, and we can assume that the charges move away from each other with equal constant speed u . At the time t = 0 the charge q 1 is located on the y axis, and the charge q 2 is at a distance x from q 1 and at the same height above the x axis.
The electric field produced by one of the charges at the location of the other, according to the Heaviside formula [1] , is Figure 1 . Observed in the moving reference frame (a), the two charges exert equal and opposite forces upon each other, thus satisfying the action-reaction and the momentum conservation laws. However, observed in the stationary reference frame (b), the charges do not satisfy the actionreaction law and, by generating a net force upon themselves, seemingly violate the momentum conservation law.
where ε 0 is the permittivity of free space, u the velocity of the field-producing charge, r the radius vector from the field-producing charge to the field-experiencing charge, θ the angle between r and u , and c the velocity of light. Since θ = 0 and r = x in our case, equation (1) reduces to
The force exerted by the charge q 2 upon the charge q 1 (the force acting on q 1 ) is therefore
and the force exerted by the charge q 1 upon the charge q 2 (the force acting on q 2 ) is
Since the two forces are equal in magnitude and opposite in direction, the net force on the system of the two charges is zero.
Let us now consider the same system of two charges from the laboratory reference frame . The time of observation is t = 0. For simplicity we shall assume that the velocity of relative to the laboratory is v = u i, where u is the speed of the two charges in . In this case the charge q 1 (as seen from the laboratory) is at rest, so that only the charge q 2 appears to be moving ( figure 1(b) ). Let its velocity be u 2 .
To find the forces F 12 and F 21 that the two charges exert upon each other in the laboratory reference frame, we could transform equations (3) and (4) by using relativistic transformation equations. However, it is much simpler to find F 12 and F 21 by again using the Heaviside formula, equation (1), (this time without the primes).
Taking into account that the velocity of the charge q 2 in the laboratory reference frame is u 2 and using equation (1) , for the force F 12 acting on the charge q 1 in the laboratory reference frame we have
Since the charge q 1 is stationary in the laboratory reference frame, for the force F 21 acting on the charge q 2 in the laboratory reference frame we similarly have
Now comparing equations (5) and (6), we find that F 12 = F 21 . Therefore, while in the forces F 12 and F 21 satisfy the action-reaction law, and hence the system of the two charges is in equilibrium, in the two charges generate a net force upon themselves:
and hence the system is seemingly not in equilibrium.
Thus we have arrived at a paradoxical result: contrary to the relativity principle, the dynamic equilibrium of a system, and hence the conservation of momentum law, appear to depend on the reference frame from which the system is observed.
The resolution of the paradox
The interaction of moving charges is a complex process involving the entire electromagnetic field created by the charges. Although in our case the magnetic field created by the charges is zero along the line joining them, so that the charges experience no magnetic forces, the magnetic field is not zero outside this line and together with the electric field of the charges forms an electromagnetic field. This electromagnetic field is a carrier of electromagnetic momentum. As the charges move, the electromagnetic field changes, and so does the electromagnetic momentum. A changing electromagnetic momentum creates an electromagnetic force. Thus, in order to obtain a complete picture of the electrodynamic relations in the system of the two charges, we must take into account not only the forces exerted by the charges upon each other, but also the electromagnetic momentum created by the charges †.
As shown in the appendix, whenever a stationary point charge q interacts with a point charge that moves along the line joining the two charges, the two charges create an 'interaction electromagnetic momentum':
where A is the vector potential produced by the moving charge at the point where the stationary charge q is located ‡.
The magnetic vector potential produced by the moving charge q 2 at the point x = 0, where the stationary charge q 1 is located, is [4] 
where t is the time at which the potential is observed §. Therefore, by equations (8) and (9), the interaction electromagnetic momentum in our system of two charges (observed from the laboratory reference frame) is
(10) † We only need to take into account the mutual, or interaction, electromagnetic momentum of the two charges, because the stationary charge q 1 produces no magnetic field and therefore no electromagnetic momentum, and the electromagnetic momentum associated with the electric and magnetic self-fields of the moving charge q 2 is not affected by the motion of the charge. For a detailed analysis of the electromagnetic momentum in systems involving moving charges, see [2, pp 67-79] .
‡ For a detailed discussion of the connection between the magnetic vector potential and the electromagnetic momentum see [3] . Equation (8) is not gauge invariant. In the appendix it is derived for the Lorentz ('Liénard-Wiechert') gauge. § Most books give only the instantaneous value, or a 'snapshot', of the vector potential for t = 0. For a discussion see [5] .
Differentiating
Comparing equation (11) with (7) we see that the rate of change of the electromagnetic momentum given by (11) is equal in magnitude and opposite in direction to the 'unbalanced' force given by (7). Thus the two charges are in equilibrium after all: the residual force represented by equation (7) is necessary for compensating the increase of the momentum residing in the electromagnetic field of the system.
Discussion
The paradox that we discovered in section 2 was a consequence of our failure to analyse properly all the electromagnetic effects taking place in the system under consideration. As we have seen, equations (8) and (11), representing the electromagnetic momentum and its rate of change, are crucial for the resolution of the paradox. Clearly, the two equations can be interpreted as indicating the existence of the 'vector potential force'
in the system under consideration. Our paradox could then be interpreted as a result of neglecting to take into account this special force. It is remarkable that although this force is associated with a magnetic field, it can exist at points where the magnetic field is absent, such as the points along the line of motion of the charge q 2 .
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Appendix
The following vector identity holds for any two vectors V 1 and V 2 :
where the integrals are extended over all space (this is an extension of Gauss's theorem of vector analysis to two vectors, V 1 and V 2 ). If we apply this vector identity to the electric displacement field D and the vector potential A, we obtain
Let D be due to a stationary time-independent point charge q and let A be due to a point charge q m moving with constant velocity. Since D and A are regular at infinity, the surface integrals in equation (A2) vanish. For a stationary time-independent charge, ∇ × D = 0, so that the second term in the volume integral vanishes. Equation (A2) then reduces to
Since ∇ × A = B, where B is the magnetic flux density field produced by the moving point charge, the integral on the left represents the electromagnetic momentum G associated with the interaction between the two charges. Hence, replacing ∇ · D in the last integral by ρ, where ρ is the charge density of the stationary point charge q, we can write equation (A3) as
Since the volume occupied by the stationary point charge is infinitesimal, the last integral is simply qA. Thus equation (A4) can be written as
As is known, the vector potential of a point charge moving with constant velocity satisfies the Lorentz condition (see, for example, [4, pp 132-3] )
where ϕ is the scalar electric potential produced by the charge. Substituting equation (A6) in (A5), we have
Let us assume that the two charges are located on the x axis, the stationary charge q is at the origin of coordinates, the velocity of the moving charge q m is v = vi, and the moving charge is at a distance x + vt from the origin, where t is the time at which the two charges are observed.
The scalar electric potential produced by the charge q m at a point x , y , z (see, for example,
Differentiating equation (A8) we obtain
We can simplify the denominator in equation (A9) by noting that (
and that (y 2 + z 2 )/r 2 = sin 2 θ, where r is the distance from the moving charge q m to the point x , y , z and where θ is the angle between r and the x axis. By the symmetry of the system, only the x component of D contributes to the integral in (A7). This component is D x = qx /4πε 0 R 3 , where R is the distance from the stationary charge q (origin of coordinates) to the point x , y , z . Expressing the integrand in (A7) in terms of R and θ , we can perform the integral on R with the help of tables. We obtain
which is odd in cos θ. Hence the integral of (A7) vanishes. Thus, for the case under consideration,
The 'paradox'
Let us recall the 'paradox' [1] . Consider a system of two identical point charges q, moving on an axis with opposite velocities. The electromagnetic forces that the two charges exert upon each other are equal in magnitude and opposite: the total momentum is constant. Consider then the same system, in a reference frame where charge 1 is at rest at the origin and charge 2 is moving with constant velocity on an axis through the origin. Let F 12 (F 21 ) be the electromagnetic force that charge 1 exerts on charge 2 (charge 2 on charge 1).
Then F 12 + F 21 = 0, with the paradoxical result that momentum conservation seems to be violated.
The resolution of the paradox is that the electromagnetic field contains momentum. Defining the interaction momentum G = D × B dV , where D is the electric field created by charge 1 and B is the magnetic field created by charge 2, momentum conservation † is expressed as
(1) † The masses of the two charges are assumed to be sufficiently large for their velocities to remain constant. This ensures that no electromagnetic radiation is emitted and that the integration by parts mentioned below gives a vanishing surface term at infinity.
In [1] , equation (1) is proved as follows. Denoting by φ(r, t), A(r, t) the potentials created by charge 2, it is first shown, through integration by parts, that
and then, when φ, A satisfy the Lorenz ‡ gauge condition, that equation (2) simplifies to
Equation (1) is then obtained from the explicit expression of A(0, t).
Resolution of the paradox in the Coulomb gauge
The calculation in [1] showing that the integral in equation (2) vanishes is rather complicated. So we now present a simpler way of obtaining equation (1) . We consider potentials A C (r, t) and φ C (r, t) that satisfy the Coulomb gauge condition [4] ∇ · A C = 0 (4) and φ C (r, t) = q 4π 0 R (5) ‡ We follow [2] , naming the condition after L V Lorenz (1829-91) who introduced retarded potentials in 1867 (see [3] ) and not after H A Lorentz (1853-1928) as in most references. 
Letters and Comments
where R = r − r 2 (t) (r 2 (t) denoting the position of charge 2). When t → −∞, charge 2 is infinitely remote, so we impose further that
thus completely determining † the potential A C (r, t). For these potentials equation (2) simplifies to
in agreement with the interpretation of the vector potential as the 'stored momentum per unit charge' [5] . The electric field E(r, t) created by charge 2 in terms of the potentials in the Coulomb gauge is E(r, t) = − ∂A C ∂t (r, t) − ∇φ C (r, t).
Multiplying equation (8) for r = 0 by q, we obtain equation (1) . Indeed
• qE(0, t) is the force F 21 ;
• from equation (7), q∂A C (0, t)/∂t = dG/dt; • the force F 12 equals q∇φ C (0, t).
The vector potential in the Coulomb gauge
In this section, we determine the explicit form of A C . Let charge 2 move on x x at constant velocity v, where θ is the angle (v, R) and e θ the unit vector in the plane (v, R) with angle (R, e θ ) = π/2 (see figure 1) . We obtain A C by integrating equation (8) . (11) is the Liénard-Wiechert vector potential [4] . By continuity, equation (10) gives A C = A on the axis x x, in agreement with equations (3), (7).
